Tutorial &8

Week of November 5, 2018

1. For each of the following numbers, a, b, ¢, d, r, and s, state whether the function whose graph is shown
has an absolute maximum or minimum, a local maximum or minimum, or neither a maximum nor a
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(a) a: nothing
b: local minimum
¢: local maximum
d: nothing
r: local minimum and absolute minimum

s: absolute maximum

(b) a: absolute minimum
b: local maximum
¢: nothing
d: local minimum
r: absolute maximum

s: nothing



2. For each of the following graphs, state the points where the local and global extrema occur.
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(a) e Local minimum at (1, 3)
o Local minimum at (2, 2)
o Local and absolute maximum at (4, 5)
o Local minimum at (5, 3)
e Local maximum at (6,4)

e There is no absolute minimum

(b) e Local minimum at (2,2)
o Local maximum at (3,4)
o Local minimum and absolute minimum at (4, 1)
o Local maximum at (6, 3)

e There is not absolute maximum

3. Find the critical numbers of the given functions.
(a) f(x) =23+ 62% — 152
f'(z) = 32% + 122 — 15
= 3(2® + 42 — 5)
=3(x +5)(x—1)
Setting f(z) = 0 we get:

r1=-5, x9=1



(b) f(x) = 223 — 32 — 36z

f'(z) = 62% — 62 — 36
= 6(z? —z — 6)
=6(z —3)(z+2)

Setting f(z) = 0 we get:

r1 = 3, T = —2
(c) g(t) = [3t — 4]
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g'(t) is never zero. ¢ (%) does not exist so % is the only critical point. (This is where the “corner”
of the function is located.)

@ h) = 5

LHE*+4)—(p—-1)2p) p*+4—20"+2p —(p*—2p—4)
(p? +4)? P+ (P44

h'(p) = 0 when p? —2p—4 = 0. Using quadratic formula, we obtain p; = 14++/5 and py = 1 —+/5.

W (p) =

The denominator of h/(p) is never zero so we do not need to worry about h’(p) not existing. We
have a total of two critical numbers.

(e) glz) = VA—a%= (4 —2?)

§@)= 34— () =

33/(4 —x?)?
g (z) = 0 when z = 0.

¢’ (z) does not exist when /(4 —22)2 =0

.1'1:2, 562:—2

There is a total of 3 critical numbers: —2,0, 2.



4. Find the absolute maximum and minimum of the following functions on the given interval.
(a) f(x) =3z —4a3 — 1222 +1, [-2,3]
f(z) = 1223 — 1222 — 24z
=12z(2® — 2 — 2)
= 12z(x — 2)(x 4+ 1)

The critical numbers are —1,0, 2, all of which are inside the given interval.

e f(—2)=233

o f(-1)=-4

e f(0)=1

e f(2)=-31

o f(3)=28
We have an absolute maximum at the point (—2,33) and an absolute minimum at the point
(2,—31).

(b) f(t) = (t* —4)°, [-2,3]
F1(t) = 3% = 4)*(2t)

The critical numbers are —2,0, 2, all of which are inside the given interval.

. [(-2)=0
« f(0) =64
. f(2) =0
e f(3)=125
We have an absolute maximum at the point (3,125) and an absolute minimum at the point
(0, —64).
x
== 0,3
(©) f) = =, 0.3
() (@?—2+1)—(2)2x—-1) 2?—z+1-22%2+2
xr) = —
(22 —x +1)2 (22 —x +1)2
= S ey )
S (2 —z+ 12 (22 -2+ 1)2
f'(x) =0 when 21 = 1 or zo = —1. The denominator has no real roots so f’(x) will always exist.
We have a total of two critical numbers.
o f(-1)=-3



We have an absolute maximum at the point (1,1) and an absolute minimum at the point
(_17 _%)

5. For each of the following functions:

(i) Find the intervals of increase and decrease

(ii) Find the values of the local maximum and minimum

(iii) Find the intervals of concavity and inflection points

(a) f(z) =232 -9z +4

f'(z) =32 — 62— 9

=3(x* — 22— 3)
=3(x—-3)(x+1)

The critical numbers are —1 and 3.

i.

ii.

iii.

lz<-1|-1<2<3|2>3
3x—-3)(x+1) | + | - |+

o f is increasing on the interval (—oo, —1)

o f is decreasing on the interval (—1,3)

o [ is increasing on the interval (3, co)
f"(z) =6x—6=6(x—1)
f"(=1) =6(—1—1) = —12. f is concave down at z = —1. f(—1) =9 is a local maximum.

f7(3) =6(3—1) =12. f is concave down at z = 3. f(3) = —23 is a local minimum.

f"(x) = 6(x —1)
f"(x) >0 when 6(x —1) > 0= x > 1. f(z) is concave up on the interval (1, o).
f"(z) <0 when 6(z —1) < 0= x < 1. f(z) is concave down on the interval (—oco,1).

f"(z) = 0 when z = 1. Since x = 1 was not a critical number of f, we have an inflection
point at (1, —7). Alternatively, we see that f changes concavity on the left and right of x = 1.

(b) f(z) =223 — 922 + 122 -3

f(z) = 62% — 182 + 12

=6(2® — 3z +2)
=6(zx—2)(x—1)

The critical numbers are 1 and 2.

i.

lz<l|l<z<2|z>2

-2@-D] + | - | +

o f is increasing on the interval (—oo, 1)



o f is decreasing on the interval (1,2)

o [ is increasing on the interval (2, c0)
i, f(z) =120 — 18
/(1) =12 —18 = —6. f is concave down at z = 1. f(1) = 2 is a local maximum.

f"(2) =24 —18 =6. f is concave down at x = 2. f(2) =1 is a local minimum.
iii. f’(z) =12z — 18
f"(x) >0 when 122 — 18 > 0 = 2 > 3. f(x) is concave up on the interval (2, c0).
(z)

f"(z) < 0 when 122 — 18 < 0 = 2 < 3. f(x) is concave down on the interval (—ooc, 3).

’ 2
f"(z) = 0 when z = % Since z = % was not a critical number of f, we have an inflection
point3 at (%, %) Alternatively, we can see that f changes concavity on the left and right of

(c) f(z)=2%Inz Domain: = >0l

2
f'(x) =2zInx + % (Since = # 0 so we can cancel it)

=2zlnx +2x
=z(2lnz+1)

i. f(z) <0
z(2lnz+1) <0 (Since x # 0 we can divide both sides by it)
2lnx+1<0

Inz < !
ne < —-
2

f'(w)>0
z(2lnz+1) >0 (Since z # 0 we can divide both sides by it)
2lnz+1>0

Inz > !
nr>——
2

o f is decreasing on the interval (0, 67%)
o f is increasing on the interval (e_%,oo)
Clearly, f'(z) =0 when z = ¢~3. So we have one critical number, e 3.

Something worth nothing is that the act of raising both sides as a power of e preserves order.
This is because e’ is a monotonically increasing function. If x < y then ¥ < e¥. If z > y
then e* > €Y.



ii. We have found in the first part that f is decreasing left of e~3 and increasing right of e 3.
1
Therefore, f(e™2) = —%6_1 is a local minimum. There is no local maximum.

1
iii. f(z) =2 <lnw—|—x-> +1
x
=2lnz+2+1
=2lnx+3
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f"(x) >0 when 2lnz4+3 > 0= 2 > e 2. f(x) is concave up on the interval (e_%,oo).

f’(x) <0when2lnz+3< 0=z < e 3. f(z) is concave down on the interval (0, 67%).

f"(x) = 0 when z = e~3. Since this is not a critical number of f, we have an inflection

point at (e_%, —%e*?’). Alternatively, we notice that the concavity changes from the left to

the right of e 3.

6. For the following function, find:

(a)
(b)
(c)
(d)

(a)

The vertical and horizontal asymptotes
The intervals of increase and decrease
The values of the local maximum and minimum

The intervals of concavity and inflection points
fla)=e

1 1
Vertical asymptotes: e~ = —- Since the exponential function is never zero for finite x, —
e

e
will never blow up to infinity. We conclude that there are no vertical asymptotes.

Horizontal asymptotes:

. 2
lim e™ =0
T—00

. _ 2
lim e % =0
Tr—r—00

We have a horizontal asymptote at y = 0 as x goes off to positive and negative infinity.

fl(z) = e ™ (=22) = —2ze™"

f'(z) < 0 when —2ze=*" < 0. e is always positive (and non-zero). Therefore we have that
—2z < 0=z > 0 (Must flip signs when dividing both sides by —2).

Similarly, we get that f’(x) > 0 when z < 0. Therefore our function is increasing on the interval
(—00,0) and decreasing on the interval (0, co).

Set f'(z) = 0. e~ is never zero, which implies that —22 must be zero. This occurs when x = 0.
So we have one critical number. In (b), we found that our function was increasing on the left of
x = 0 and decreasing on the right of x = 0. Therefore f(0) =1 is a local maximum. There is no
local minimum.



(d) f"(x)=-2 ((1)6*”2 + xefﬁ(—?x)) = —26*3”2(1 — 222)

f"(z) = 0 when —2(1 — 22?) = 0. Solving, we get that z1 = and z9 = —
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1
V2

2" (1-22%) |+ | — |+

1 1
The function is concave up on the intervals <oo, ) and <, oo> . The function is concave
V2 V2

1 1
———,——=|. Since neither x; nor xo were critical numbers of f , we
V2 \/§> L !

conclude that we have inflection points when 21 =

down on the interval <

1
— and z9 = ———. Alternatively, we could
V2T '

have also just used the computed intervals of concavity.



